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1 Introduction

The case-based decision theory was proposed by Gilboaand Schmeidler (1995) asan alternative
theory for decision making under uncertainty. It models decisions in situations of structural
ignorance, in which neither states of the world, nor their probabilities can be derived from the
description of the problem. A decison-maker can, therefore, only learn from experience, by

evaluating an act based on its past performance in similar circumstances.

This behavior deviates significantly from the one of a Bayesian expected utility maximizer.
Nevertheless, Gilboa and Schmeidler (1996) show that a case-based decision-maker learns to
choose the optimal (expected utility maximizing) act if the same problem isrepeated an infinite
number of times. This result relies on a rule for adapting the aspiration level that combines
"realism”, i.e. updating the aspiration level towards the highest average payoff achieved, with
"ambitiousness’, i.e. updating the aspiration level upwards on an infinite but sparse subset of

periods.

However, the result Gilboa and Schmeidler (1996) depends on the assumption of a specific

similarity function: two acts are similar if and only if they are identical.

In thisnote, | explore whether case-based decisions lead to expected utility maximization in the
limit if more general similarity functions are considered. | assume that the set of actsisthe one-
dimensional simplex and define the similarity function as decreasing in the Euclidean distance.
Following results obtain:

1. Similarity functions which are convex over some range lead a case-based decision-maker

to behave asif she were Bayesian,

2. For concave similarity functions, a case-based decision-maker either chooses the better
of the two corner acts 0 and 1 or switches constantly between these two acts. She may;,

therefore, fail to behave as aBayesian.

2 TheModd

| use the model of Gilboaand Schmeidler (1996). A decision-maker faces an identical decision
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problem p in each period ¢t = 1,2.... A = [0; 1] denotes the set of available acts. The utility
resulting fromthechoiceof a € A isani.i.d. random variable i1, with acontinuous distribution
function (II,,) .. ,. Thedistributions (I1,,) .. , have finite expectations 1, finite variance o, and

bounded and convex supports A,.

The decision-maker’s perception of similarity is described by afunctions: A x A — [0; 1]:

s(a;a) = 1
s(a;a’) = s(d;a)
s(0;1) = 0.

s depends only on the distance between o and o’.

The memory of the decision-maker is represented by a set of cases. A caseis atriple of a
problem encountered, an act chosen and a utility realization achieved. Since the problem is
identical in each period of time, acaseis characterized by an act and a utility realization. Asin
Gilboaand Schmeidler (1996), the memory M, contains only cases actually encountered by the
decision-maker until period ¢:

My = ((aﬂur))T:l,z‘.t .

The aspiration level of the decision-maker in period ¢ is ;.

The case-based decision-rule prescribes choosing the act with maximal cumulative utility in

each period of time. The cumulative utility of an act a at timet is given by:
t
Ui (a) = Zs (a;a;) (uy — @) .
=1

The set of all possible decisions paths that can be observed can be written as
So = {w = (at;ut;ﬂt)t:mm |a; € A, up € A, 1y € ]R} ,
where A = U,c44A, denotes the set of possible utility realizations. Let S; be the set of those
paths on which the decision-maker chooses arg max,c 4 U; (a) in each period:
S = {w €S| a = argrileaj(Ut (a) fordlt= 1,2...} )
As wdl as a;, u; and u; all variables introduced below depend on the path w. | neglect this

dependence in the notation for simplicity of exposition.
C (a) denotes the set of periods preceding ¢ in which a has been chosen:
Ci(a)={r<t|a,=a}
3



Let

ZTECt (a) Ur

Xl =6, )
denotetheaverage utility obtained by choosing a until periodt if |C; (a)| > 0. X; =: max,ca X; (a)

stays for the maximal achieved average utility until time+.

The two adaptation rules proposed by Gilboa and Schmeidler (1996) are:

Uy =1u (1)
= Pug—1 + (1 — p) Xy fort > 2
and
Uy =1u
’L_Lt:Bﬂt_1+(1—ﬁ)thortZ2,t¢N (2)

ﬂt:Xt—l—thI’tZ 2,t€ N,
where N C Nisasparse set, 5 € (0; 1) describes the speed of updating of the aspiration level

and h > 0 isaconstant by which the aspiration level isincreased inaperiodt € N.

Finally, denote by S and S’ the set of paths, on which the case-based rule is applied in combi-
nation with (1) and (2), respectively:

. Uy = Uy
S_{we51| Uy = Pugq + (1 =) X, fort > 2 }
Uy = Uy
S'=wes| u=PF0u1+(1-0)Xfort>2,t¢ N 5.
ﬂt:Xt—l—thI‘tZZtEN,
Let P and P’ be probability measures on S and on .S’, respectively which are consistent with

(Ia),c 4, 8sin Gilboa and Schmeidler (1996, p.11).

Denote by (@)
tla

m(a) = lim ===

the frequency with which « is chosen, if the limit on the right hand side exists. Usualy, this
frequency will be path-dependent.

Optimal behavior inthe limit means that

7r (arg max %) =1
ac
almost surely holds. For A finite and a similarity function:

s(a;a) = 1,ifa=d (3)
s(a;a’) = 0,else
Gilboa and Schmeidler (1996) show that (2) implies optimal behavior in the above sense. For
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(1), Gilboaand Schmeidler (1996) demonstrate that for each = > 0, thereisa g, so that for al
u > 1y, expected utility maximization obtains with probability of at least (1 — ¢).

The following two sections analyze the implications of a non-degenerate similarity function on

learning.

3 Learningwith a Concave Similarity Function

Assumption 1
s(a;a’) = f([la—dl),
with f/ < 0 and f” < 0, asillustrated in figure 1.

Figure 1

The concavity of s impliesthat the greater the distance of two acts «’ and «” from the reference
act a, themorethe decision-maker distinguishes between o’ and a” with respect to their similarity

to a.



Let a; = a and let u; (@) denote the utility realization of portfolio a in period 1.

Proposition 1 Let assumption 1 hold. Define S as

S ={we §fu(a) <max{p;pm}}.
For each ¢ > 0 there exists a u such that for any u; > uy:

P{we S| 3Ir (arg max ua> :1} > (1—6)P<§)
ac{0;1}
foreacha € A 3 (a) suchthat
©(0) _ p—ui(a) —1—
Plwes| 2 —moul ang —1-p(
a) =

w(a) =0 fora ¢ {0;1}

s).

holds.

Hence, for concave similarity functions optimal behavior failsto emerge under rule (1). Only the
corner acts 1 and 0 are chosen infinitely often. On S, the better of these two acts is satisfactory
in the limit and is chosen with frequency 1 with arbitrarily high probability. On S\ S, the limit
aspiration level exceedsthemean utilitiesof 1 and 0. Both actsaretherefore chosen with positive

frequencies.

Proposition 2 Let assumption 1 hold. Assume that either

U > maxu
u€Ag

or 1 € N. Define S’ as
S'={w € S | u (a) < max {ug; i1 }} -

Then:
P "3 =1p=P(S5
{w eS| 3In (arg max, ua) } (S)
foreacha € A 3 (a) suchthat
! (0 1—ui(a . o
Plues'| 19 =mul@ gng —1-P(3),

m(a)=0 fora ¢ {0;1}

holds.

Two effects prevent efficient learning. First, the strict monotonicity of the similarity function
and theinitially high aspiration level imply that a is abandoned in the second period. Since s is

concave, only corner acts are chosen after ¢ = 2.

Second, athough a is never chosen again, itsinitial realization influences the evolution of the
aspiration level. Especidly, if uy (a) > max {ug; ¢t}
lim @ = uy (@) > max {pg; )
and both ¢ = 0 and a = 1 seem unsatisfactory in the limit.
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4 Introducing Convexitiesinto the Similarity Function

The proof of proposition 1 heavily relies on the concavity of the similarity function. |, therefore,
explore how results change if the similarity function is convex over some range of values.

Assumption 2 Let
s(a;a’) = f([la—dl),

with f* <0, f” < 0for [ja — o/|| < 1 andsomel > 1. Let

f(la—a'll) =0,

1
for |la —d'|| > 1.

A convex similarity function impliesthat the greater the distance of two acts a’ and a” from the
referential act a, thelessisthe decision-maker ableto distinguish between o’ and a” with respect
to their similarity to a. When | — oo, s approaches the similarity function (3) considered by
Gilboa and Schmeidler (1996).

Assumption 3 Leta; = 0 and let

arg max {U; (a)} — a;—
a€(0;1]

acarg max Uy (a)

3

Assumption 3 saysthat when indifferent among several acts, the decision-maker chooses the act
closest to the act chosen last.

a; = arg min {

Figure 2 illustrates assumptions 2 and 3.

The set of paths consistent with (2) and assumptions 2 and 3 is denoted by:

=0
S =Lwes | N . .
{ ‘ Q¢ = arg Milgearg max U (a) {‘arg maXge[o;1] {Ut (a)} - CL1571|}

Proposition 3 For all u; € Randall 3 € (0;1),

P{w esS" | In (argmax{,ua | a € {0;%;%..%; 1}}) = 1} =1.

Introducing convexities into the similarity function obviously improves the limit choice. Note,
however that although
I laedo 12 1-1 .
11m | arg max a STy T, = arg max y
|—o00 g a ILLG, 7[1[ l Y gae[oyl]u(l
optimal learning cannot obtain because A is uncountable. However, for sufficiently large [, the
investor's limit choice approximates expected utility maximization with an arbitrary degree of

accuracy.
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5 Conclusion

It is beyond the scope of this note to explore whether similarity is better represented by a convex
or concave function. Intuitively, it seems that similarity perceptions are more vague for distant
objects, hence that convexity is a more appropriate assumption. If convexity of the similarity
function is indeed the more relevant case, then my findings would clearly support Gilboa and
Schmeidler's claim that case-based decision-makers behave optimally in the limit.

Appendix

Proof of Proposition 1

Denote

Vi(a) =: Z [uy (a) — ],

T€Ct(a)



with
> [ur(a) — @] =0,if Gy (a) = 0.

7€C¢(a)
The proof proceedsin three steps. First, it isshown that a; € {0;1}. Second, it isdemonstrated

that a, € {0;1} for al ¢ > 2. In step 3, applying theorem 1 of Gilboa and Schmeidler (1996)
shows that optimal behavior obtains on S and theorem 1 of Gilboa and Pazgal (2001) allowsto
derive the result on S\ S.

Step 1
Int = 2,
Uz (@) = V2 (a) = w (a) — Bus — (1 = B)ui (@) = 8w (@) — ] <0,
whereas:
Uy (a) =V (a)s(a;a) <O.
Since s (a; a) isstrictly decreasing,

arg max U, (a) € {0;1}.

a€(0;1]

Remark 1 LetC, (a) > 1. Letu, > X, (a)and a, # a.
Urp1 = ﬁXT—i—l + (1 - ﬁ) Uy 2 ﬁXT (a) + (1 - ﬁ) Ur
and u, > X, (a) imply
Urs1 > X, (a),or
Vila) < O
for eacht > 7 suchthat a;, #aforall 7 < k < ¢.

Step 2

Assume w.l.g. that a; = 0, i.e.
aren[(lﬁ]s(a;d) =0
Ifa, =0fordlt>7>2,
Ui (a) = s(a;a) Vi (a) + s (a;0) V; (0)
holds. If V; (0) > 0, a; = 0, since
Ui(a) = s(a;a)Vi(a)+s(a;0)V;(0) <
< s(0a)Vi(a) + Vi (0) = U, (0).
If V;(0) <0,
Ui (a) = s(a;a) Vi (a) + s (a;0) V4 (0)
9



isconvex, sinceV; (a) < 0, V; (0) < 0 and s is concave. Therefore,

arg max U; (a) € {0;1}.
a€0;1]

Letap = 1. ¢ isas. finite. If a, = 1foralt > 7> ¢,
U () = s (a;) Vi (@) + 5 (a:0) Vi (0) + s (a3 1) Vi (1).
Ve (0) < 0impliesV; (0) < 0, seeremark 1.
If V; (1) <0 holds, U, (a) isconvex and a; € {0;1}.
LetV; (1) > 0. Since
Vi (1) >0 >max{V,(a);V;(0)},
t=max{t;7<t|V,(1)<0,a, =1,V (1) > 0}. 4)

Lemmad u, > u;.

Proof of lemma 4:
Since V; (1) <0, X; (1) —u; < 0holds. V., (1) > 0 implies
X1 (1) = tgy > 0> max { Xz, (0) — g5 Xpyy (@) — Uy}

Hence, X;,, = X;,, (1) and

Upp = Bug + (1 - 5) X£+1 (1) .
Since X;, (1) — uz, >0,

Ugyy > Uf
follows.
Att+2, Vi, (1) > 0 holds, hence X;,, = X7, (1) > 1z, and
Upy g = ﬁﬂiﬂ + (1 - ﬂ) X£+2 (1) .
Therefore,
Upyo > Ugyy-

Hence, by induction, @; > u;.1
At t,

U (1) = 5(1;a) Vi (@) + Vi (1)

10



Hence, a;, = 1if
s (13a) V; (@) + Vi (1) = s (a3) Vi (@) + (a5 0) V; (0) + 5 (a: 1) Vi (1) (5)
fordl a € [0;1]. Rewrite (5) as
Vi (1) (1= s (a: 1)) — 5 (a;0) V; (0) + [s (13) — s (a:2)] Vi (@) = 0
Vi(1) (1 =s(a;1)) = s(a; 0) (' = 2) [X;(0) — ug] + [s (1;0) — s (a;0)] [wr (@) — ug]
+ [y — ] [s (a;0) (' — 2) — s (1;a) + s (a;a)] > 0.
Since s (-; -) is concave,
arg aren[(i);ri] s(a;0) (f' —2) + s(a;a) € {0;1}.
s(1;0) (' —2)+s(1;a) = s(1;a)
and
s(0;0)(# —2)+s(0;a) = (' —2)+s(0;a) >1+s(0;a) > s(1;a).
It follows that:
aren[(i);rh (4, — ug] [s (a;0) (¢ —2) — s (1;a) + s (a;a)] = 0.
Therefore,
U (1) =Ui(a) = Vi(
> Vi) (1 =s(a;1)) = 5(a;0) Vi (0) + [s (1;a) — s (a;a)] V; (a)
(1) = U;(a) 20

1) (1=s(L;a)) = s(a;0) Vi (0) + [s (1;@) — s (a;0)] Vi (@)

foreacha € [0;1],sinceV; (1) < 0 and a; = 1. Hence, a; = 1.

Anadogously, if a;_1 = 0and V; (0) < 0, a; € {0;1}. For V; (0) > 0,

U, (0) — Uy (a) = V; (0) (1 — 5(a;0)) — s (a3 1) V; (1) + [ (0;@) — s (a3@)] Vi (@) > 0,
sinceV; (0) (1 —s(a;0)) >0,V; (1) <0,V;(a) < 0ands (0;a)—s (a;a) < Oforal a € [0;1].
Hence, a, = 0.

Reasoning by induction implies

P{we S|a €{0;1} foreacht > 1} = 1. (6)
Step 3
On S, theorem 1 of Gilboa and Schmeidler (1996) applies. Hence, there exists a u, such that

for each u; > uy:

P{w€S|EI7r<arg max ua) :1}2(1—6)13(5).

ac{0;1}

1



If uy (@) > max {py; po}, im0 @ = uy (@) dmost surely. Hence, on amost each w, thereis
aT (w) such that

uy > max {3 fiof +§
foreacht > T (w). Therefore, a = 0and a = 1 are almost surely chosen infinitely often.

Theorem 1 in Gilboa and Pazgal (2001) implies:
7(0) _ py — i (a)
) T(D) o —wi (@)
S\S-as.. By (6), 7 (a) =0fora ¢ {0;1}.1

Proof of Proposition 2

The proof proceeds in three steps. Step 1 demonstrates that a; € {0;1}. Step 2 shows that
a; € {0;1} fort > 2. Step 3 usestheorem 2 of Gilboaand Schmeidler (1996) and theorem 1 of
Gilboa and Pazgal (2001) to derive the result.

Step 1
Att = 2, either

Us (@) = Va(a) = uy (@) — Bur — (1 — B)uy (@) = Blus (@) — ] <0
or

holds. The strict monotonicity of simpliesa; € {0;1}.

Remark 2 Remark 1 applies, sincefor (7 +1) ¢ N, u,,; is adapted as under (1), whereas
for 0 € N,

Ury1 = Xep1 +h > X1 > Xog1 (a)
holds.

Step 2
Asin the proof of proposition 1, it can be shown that
P{we Sy |a, €{0;1} foreacht > 1} = 1.
This follows from remark 2 and from the definition of ¢ in (4). Note that (4) implies
t+1,..f ¢ N,

sincefort € N, V; (a;—1) < 0.
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Step 3

On S;, theorem 2 of Gilboa and Schmeidler (1996) applies. Therefore,

=1
N
amost surely obtains.

On S;\ Sy, @, — uy (@). Hence, a.s. thereisaperiod T' (w) such that
| — ua (a)] < ¢
foreacht > T (w) except on asparse set of periods for an arbitrary (. Hence, the acts 0 and 1
are chosen an infinite number of times. But since now
lim @ =y (@) > max {pg; pn }
theorem 1 of Gilboa and Pazgal (2001) implies:

W(O) My — Uy (a)
() o @)

Proof of Proposition 3

Rule (2) implies

for somefinitet > 0. By assumption 2,

1 1
Ui (a) =0> Uz (d') fordl a > 7anda’< 7

Hence, a1 = % by assumption 3. Remark 2 applies here aswell. Hence, for afinitet > £,
1
Ug (—) <0
l
2

2
Ui (a) =0>U; () forallazianda’<7

and

from assumption 2. Hence, a; = 2, etc.

Once C; (%) > 1 obtainsforall k£ =0...1,

o0 = ()03
- V(7> 2(”?

fora € [E-; %], According to remark 2, V, (

{

i (52) s ()

) > 0 can hold for at most one & € {0;...1}. If
) -0,

13
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thena, = a,_y = %, since
k k k k—1 k—1
() 2 (3)e () o () + (o5
foral a € [£2; %] and

k K K K1 K1
4 (3) 2020 (7)o () 0 (57« (o)
foral k' # k and dl a € [0; 1] hold. If

o ()1 (2)) <

then U, (a) isconvex for a € [571; %]. Hence,

-1
arg max Ut(a)E{é;kT}

ac[EFL k]

and

1 k
argrgleacht (a) € {0,7,...7,...1} for every t.

The result then follows from theorem 2 of Gilboa and Schmeidler (1996).1
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